Let G be a polycyclic group. We prove that if the nilpotent length of each finite quotient of G is bounded by a fixed integer n, then the nilpotent length of G is at most n. The case n s 1 is a well-known result of Hirsch. As a consequence, we obtain that if the nilpotent length of each 2-generator subgroup is at most n, then the nilpotent length of G is at most n. A more precise result in the case n s 2 permits us to prove that if each 3-generator subgroup is abelian-by-nilpotent, then G is abelian-by-nilpotent. Furthermore, we show that the nilpotent length of G equals the nilpotent length of the quotient of G by its Frattini subgroup. ᮊ 1998 Academic Press
INTRODUCTION AND RESULTS
We say that a group G is n-step nilpotent if it has a subnormal series Ä 4 1 s G eG e иии eG s G 0 1 n of length n with each quotient nilpotent. In fact, substituting the core of Ž . G in G for G , we can assume that G is a normal series. The i i i i s 0, 1, . . . , n least integer n such that G is n-step nilpotent is the nilpotent length of G. First, we shall prove in this paper the following
THEOREM 1. Let G be a polycyclic group. If there exists a positi¨e integer n such that each finite quotient of G is n-step nilpotent, then G is n-step nilpotent.
w x For n s 1, this result is due to K. A. Hirsch 3, 5.4.18 . Later it was improved in the following stronger form: if each finite quotient of a finitely w x generated soluble group G is nilpotent, then G is nilpotent 3, 15.5.3 . On the other hand, thanks to an example due to the referee, we shall see that Theorem 1 above is false for n s 2 with ''polycyclic'' replaced by ''finitely generated soluble.'' Theorem 1 permits us to transfer properties of finite groups to polycyclic w x groups. For instance, it follows from 2, 4 that a finite group is n-step nilpotent if all its 2-generator subgroups are n-step nilpotent. Therefore, as a consequence of the theorem, we obtain: COROLLARY. If there exists a positi¨e integer n such that e¨ery 2-generator subgroup of a polycyclic group G is n-step nilpotent, then G is n-step nilpotent. 
. the factors of the series F F G are nilpotent; moreover, in this case, it
Ž .
Proof. i The result follows from equalities
phic; but
In the following, the ith term of the lower central series of a group G is Ž . denoted by ␥ G . Ž . ␥ G r␥ G has finite exponent e for each integer i G c.
is finite for each iЈ G i and its exponent divides e . It follows that primes in the sequence
are coprime, a classical theorem of Dirich-1 m let asserts that Q is infinite. Moreover, for all p g P, q g Q, we have
i i and this completes the proof of the lemma.
Proof of Theorem 1. The proof is by induction on the Hirsch length Ž .
Ž 
has finite fixed exponent e by Lemma 2. Let P be the set of primes k k < < dividing e and let P be its cardinality. If P is nonempty, put ␤ s
Ž . Ž . recall that r is the rank of A . If P is empty that is, e s 1 , we put 
tent, as required. Now, consider the case e ) 1. In order to obtain a k contradiction, suppose that clearly Ae F ; since F rA is k-step nilpotent, F contains F . Thus
we have the chain
We can consider F rC as a subgroup of the group of automorphisms of Ž .
q is a subgroup of F rA q , and so is k-step nilpotent, as required.
In particular, A q G rA q is nilpotent. Thus AG rA also is nilpotent. 
and so G is n-step nilpotent.
PROOF OF THEOREM 2
For the proof of Theorem 2, we need a further lemma:
LEMMA 4. Let G be a finite group. 
Ž . Ž . Ž . i If H is a normal subgroup of G containing ⌽ G and if Hr⌽ G is nilpotent, then H is nilpotent;
Ž . Ž . Ž . ii If Gr⌽ G is n-step nilpotent n G 0 , then G is n-step nilpotent. Ž . w x Proof. i
Ž .
i that H is nilpotent and so G is n-step nilpotent.
1
Proof of Theorem 2. Clearly, it suffices to prove that if G is a polycyclic Ž . group such that Gr⌽ G is n-step nilpotent, then G is n-step nilpotent.
Ž . Let G be such a group and let GrH be a finite quotient H eG . We denote by F the subgroup of G such that
with H e F eG.
Ž .
Ž . Obviously, F contains ⌽ G ; thus GrF is n-step nilpotent. But we have GrF , GrH r FrH s GrH r⌽ GrH Ž . Ž . Ž . Ž .
Ž . and so GrH is n-step nilpotent by Lemma 4 ii . Therefore, each finite quotient of G is n-step nilpotent. It follows from Theorem 1 that G is n-step nilpotent, as required.
PROOF OF THEOREM 3
The following lemma is a weak form of Theorem 3: Proof of Lemma 5. It is well known that polycyclic groups are residually finite; thus G contains a normal subgroup of finite index H such that Ä 4
